Arbitrarily large steady-state bosonic squeezing via dissipation by Kronwald, Andreas et al.
Arbitrarily large steady-state bosonic squeezing via dissipation
Andreas Kronwald,1, ∗ Florian Marquardt,1, 2 and Aashish A. Clerk3
1Friedrich-Alexander-Universität Erlangen-Nürnberg, Staudtstr. 7, D-91058 Erlangen, Germany
2Max Planck Institute for the Science of Light, Günther-Scharowsky-Straße 1/Bau 24, D-91058 Erlangen, Germany
3Department of Physics, McGill University, Montreal, Quebec, Canada H3A 2T8
We discuss how large amounts of steady-state quantum squeezing (beyond 3 dB) of a mechanical
resonator can be obtained by driving an optomechanical cavity with two control lasers with differing
amplitudes. The scheme does not rely on any explicit measurement or feedback, nor does it simply
involve a modulation of an optical spring constant. Instead, it uses a dissipative mechanism with the
driven cavity acting as an engineered reservoir. It can equivalently be viewed as a coherent feedback
process, obtained by minimally perturbing the quantum non-demolition measurement of a single
mechanical quadrature. This shows that in general the concepts of coherent feedback schemes and
reservoir engineering are closely related. We analyze how to optimize the scheme, how the squeezing
scales with system parameters, and how it may be directly detected from the cavity output. Our
scheme is extremely general, and could also be implemented with, e.g., superconducting circuits.
PACS numbers: 42.50.Dv, 07.10.Cm, 42.50.Wk, 42.50.-p
Introduction – Among the simplest nonclassical states
of a harmonic oscillator are quantum squeezed states,
where the uncertainty of a single motional quadrature is
suppressed below the zero-point level [47]. Such states
are of interest for a variety of applications in ultra-
sensitive force detection [1]; they are also a general re-
source for continuous variable quantum information pro-
cessing [2]. It has long been known that coherent para-
metric driving can be used to generate squeezing of a
bosonic mode; for a mechanical resonator, this simply
amounts to modulating the spring constant at twice the
mechanical resonance frequency [3]. Such a simple para-
metric interaction can yield at best steady-state squeez-
ing by a factor of 1/2 below the zero-point level (the
so-called 3 dB limit) [4]; if one further increases the inter-
action strength, the system becomes unstable and starts
to self-oscillate.
The rapid progress in quantum optomechanics [5–8],
where a driven electromagnetic cavity is used to detect
and control a mechanical resonator, has led to a renewed
interest in the generation of squeezing. One could sim-
ply use radiation pressure forces to define an oscillating
spring constant [9–13], though this cannot surpass the
usual 3 dB limit on stationary squeezing. One can do bet-
ter by combining continuous quantum measurements and
feedback, either by making a quantum non-demolition
(QND) measurement of a single motional quadrature
[1, 14–16], or by combining detuned parametric driving
with position measurement [17, 18]. While such schemes
can generate quantum squeezing well past the 3 dB limit,
they are difficult to implement, as they require near-ideal
measurements and feedback. The 3 dB limit could also
be surpassed by continuously injecting squeezed light di-
rectly into the cavity [19], but this is also difficult as one
needs to start with a source of highly squeezed light. We
∗Electronic address: andreas.kronwald@physik.uni-erlangen.de
note that a mechanical resonator could also be squeezed
via a pulsed optomechanical scheme [20].
In this work, we discuss a remarkably simple scheme
for generating steady-state mechanical squeezing well be-
yond the 3 dB level. We use a two-tone driving of
an optomechanical cavity, without any explicit measure-
ment or feedback (cf. Fig. 1(a)). As described in Refs.
[1, 14, 16], if one drives the cavity with equal amplitude at
both ωcav ±Ω (where ωcav is the cavity frequency, Ω the
mechanical frequency), then the cavity only couples to
a single mechanical quadrature X1, allowing for a QND
measurement and preventing any backaction disturbance
of X1. In contrast, we consider a situation where the
two drive tones have different amplitudes. One thus no
light field
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Figure 1: (a) An optomechanical cavity is driven on the red
and blue mechanical sideband with different laser amplitudes.
This leads to steady-state mechanical squeezing beyond 3 dB.
(b) Steady-state quadrature fluctuations
〈
Xˆ21
〉
[in units of
the zero point fluctuations (ZPF)] as a function of the blue
laser driving strength G+ for different cooperativities C =
4G2−/ (κΓM ). The dark blue region indicates squeezing be-
yond 3 dB. The red, dashed line is the variance of a squeezed
vacuum state with squeeze parameter r = arctanhG−/G+.
An optimal choice of G+/G− exists [orange circles] maxi-
mizing the amount of squeezing for each C. [Parameters:
ΓM/κ = 10
−4, nth = 10, C = 10, 25, 50, 102, 103, 104].
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2longer has a QND situation, and there will be a backac-
tion disturbance of X1. However, this disturbance acts
to suppress the fluctuations of X1, to a level even below
the zero-point level. Our scheme thus realizes a coherent
feedback operation, where the driven cavity both mea-
sures the X1 quadrature and autonomously applies the
corresponding feedback operation necessary to “cool” X1;
(cf. appendix I and Refs. [21–23] for other examples of
coherent feedback in optomechanics). This, hence, sug-
gests the general recipe to construct a coherent feedback
scheme by perturbing a QND measurement setup mini-
mally. Equivalently, one can think of the scheme as an
example of reservoir engineering [24]: the driven cavity
acts effectively as a bath whose force noise is squeezed.
This suggests that in general the concepts of coherent
feedback and reservoir engineering are closely related.
In what follows, we provide a thorough analysis of the
optimal steady-state squeezing generated by our scheme,
showing that the squeezing is a sensitive function of
the ratio of the cavity drive amplitudes. We also show
that for realistic parameters, one can obtain mechanical
squeezing well beyond the usual 3 dB limit associated
with a coherent parametric driving. While we focus here
on optomechanics, our scheme could also be realized in
other implementations of parametrically coupled bosonic
modes, e.g. superconducting circuits [25, 26]. Note that
related dissipative mechanisms can be utilized to prepare
the motion of a trapped ion in a squeezed state [27], to
squeeze a mechanical resonator which is coupled to a two-
level-system [28] and to produce spin squeezing of atoms
in a cavity [29, 30]. Unlike those works, our analysis
does not rely on describing the engineered reservoir (the
driven cavity) via a simple Lindblad master equation; in
fact, we explicitly discuss corrections to such an approxi-
mation, which we show to become significant for current
experiments. We also note that reservoir engineering ap-
proaches to optomechanics have been previously consid-
ered for generating entanglement (two-mode squeezing)
[31, 32], as well as coherence in arrays [33].
Model – We consider a standard optomechanical sys-
tem, where a single cavity mode couples to a mechanical
resonator via radiation pressure, cf. Fig. 1(a). It is de-
scribed by the optomechanical Hamiltonian [34]
Hˆ = ~ωcavaˆ†aˆ+ ~Ωbˆ†bˆ− ~g0aˆ†aˆ
(
bˆ† + bˆ
)
+ Hˆdr (1)
where the two-tone laser driving Hamiltonian reads
Hˆdr = ~
(
α+e
−iω+t + α−e−iω−t
)
aˆ† + h.c. . (2)
aˆ (bˆ) is the photon (phonon) annihilation operator, and
g0 is the optomechanical coupling. ω± and α± are
the frequency and amplitude of the two lasers, respec-
tively. We apply the displacement transformation aˆ =
a¯+e
−iω+t+ a¯−e−iω−t+ dˆ to (1) and go into an interaction
picture with respect to the free cavity and mechanical
resonator Hamiltonian. Here, a¯± is the coherent light
field amplitude due to the two lasers. If Ω is strongly
temperature dependent, oscillations in the average cav-
ity intensity can yield spurious parametric instabilities
[35]; these could be suppressed by adding an appropriate
third drive tone without strongly degrading the genera-
tion of squeezing [36] (cf. appendix VII).
We next take the two lasers to drive the mechanical
sidebands of a common mean frequency ω¯, i.e. ω± =
ω¯ ± Ω, and assume |a¯±|  1. For ω¯ far detuned from
ωcav, one can eliminate the cavity to obtain an “optical
spring” which is modulated at 2Ω [12, 13]; Ref. [9] obtains
an analogous effect by weakly amplitude-modulating a
single strong drive at ωcav − Ω. In contrast, we take
ω¯ = ωcav as well as a¯+ 6= a¯− (in contrast to back-action
evasion (BAE) schemes [1, 14, 16]). Applying a stan-
dard linearization to Eq. (1), we find that the linearized
Hamiltonian in our interaction picture is
Hˆ = −~dˆ†
(
G+bˆ
† +G−bˆ
)
+ h.c.
−~dˆ†
(
G+bˆe
−2iΩt +G−bˆ†e2iΩt
)
+ h.c.. (3)
Here, G± = g0a¯± are the enhanced optomechanical
coupling rates; without loss of generality, we assume
G+, G− > 0. The quantum Langevin equations describ-
ing the dissipative dynamics read [37]
˙ˆ
d =
i
~
[
Hˆ, dˆ
]
− κ
2
dˆ+
√
κdˆin . (4)
A similar equation holds for bˆ, where the cavity decay
rate κ is replaced by the mechanical decay rate ΓM . The
non-zero input noise correlators read 〈dˆin (t) dˆ†in (t′)〉 =
δ (t− t′), 〈bˆin (t) bˆ†in (t′)〉 = (nth + 1)δ (t− t′) and
〈bˆ†in (t) bˆin (t′)〉 = nthδ (t− t′), where nth is the thermal
occupancy of the mechanical bath.
Squeezing generation – We now present two intuitive
ways of understanding the generation of steady-state
squeezing in our scheme. For physical transparency, we
focus on the good cavity limit κ  Ω, and thus ignore
counter-rotating terms in Eq. (3) until the last section.
Note first that if G+ = G− (i.e. equal drive ampli-
tudes), the cavity only couples to the mechanical quadra-
ture Xˆ1 =
(
bˆ† + bˆ
)
/
√
2, cf. Eq. (3). As discussed ear-
lier, this allows a QND measurement of Xˆ1 [14, 16]. If
G+ 6= G−, the cavity still couples to a single mechanical
operator, a Bogoliubov-mode annihilation operator
βˆ = bˆ cosh r + bˆ† sinh r , (5)
where the squeezing parameter r is defined via tanh r =
G+/G−. We also assume G+ < G− which ensures sta-
bility. The Hamiltonian (3) becomes
Hˆ = −Gdˆ†βˆ + h.c. (6)
where the coupling G =
√
G2− −G2+. This is a beam-
splitter Hamiltonian well known from optomechanical
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Figure 2: Maximized steady-state squeezing and state purity.
(a) Squeezing for fixed ΓM/κ and optimized driving strength
G+ (cf. (8)), as a function of G− (parametrized by the coop-
erativity C). Squeezing beyond 3 dB is apparent even for mod-
erate C. Black lines represent the full theory. These curves
are well described by (9) for C & 100. Yellow, dashed lines
show the prediction of a Lindblad master equation (LME, Eq.
(33)) . (b) Effective thermal occupancy neff in the mechan-
ical steady state, for optimized parameters, as a function of
C. The colors are the same as in (a). The full theory and the
LME differ drastically in the strong-coupling regime where
G & κ [gray shaded region, beginning first for nth = 100].
[Parameters: ΓM/κ = 10−4, nth = 0 and nth = 100].
sideband cooling [38, 39]. However, instead of allowing
the cavity to cool the mechanical mode, it now can cool
the mode βˆ. As the vacuum of βˆ is the squeezed state
Sˆ (r) |0〉 (where Sˆ (r) = exp[r(bˆbˆ+ bˆ†bˆ†)/2]) [3], this cool-
ing directly yields steady-state squeezing. In general,
2
〈
Xˆ21
〉
= e−2r
[
1 + 2
〈
βˆ†βˆ
〉
+
〈
βˆβˆ
〉
+
〈
βˆ†βˆ†
〉]
. (7)
If βˆ is in its groundstate, 2
〈
Xˆ21
〉
= e−2r. Thus, the
cavity acts as an engineered reservoir that can cool the
mechanical resonator into a squeezed state. We note that
related entanglement-via-dissipation schemes [29, 31, 32]
are based on cooling a delocalized Bogoliubov mode. In
contrast, we study a localized mode which directly leads
to a (single-mode) squeezed mechanical steady-state.
As mentioned, one can also interpret the squeezing gen-
eration without invoking a Bogoliubov mode, but rather
as a coherent feedback operation where the cavity both
measures and perturbs Xˆ1. In the simplest large-κ limit,
the feedback causes both Xˆ1 and Xˆ2 = i
(
bˆ† − bˆ
)
/
√
2 to
be damped at a rate Γopt = 4G2/κ, but adds negligible
fluctuations to Xˆ1 (smaller than the zero-point fluctua-
tions that one would associate with Γopt , cf. appendix
I). Thus, despite being driven with classical light, the
cavity acts as a squeezed reservoir leading to mechanical
squeezing.
Squeezing versus driving strengths – We solve the
quantum Langevin equations (first in the rotating-wave
approximation) and consider the steady-state mechanical
squeezing as a function of G+/G−, cf. Fig. 1(b), holding
constant both the ratio of damping rates ΓM/κ and the
red-laser amplitude (parameterized via the cooperativ-
ity C = 4G2−/ (κΓM )). Without the blue-detuned laser,
i.e. G+ = 0, we have standard optomechanical sideband-
cooling: both quadrature variances are reduced as com-
pared to the thermal case [38, 39]. Turning on G+, the
quadrature variance
〈
Xˆ21
〉
first decreases with increas-
ing G+/G−. In general,
〈
Xˆ21
〉
exhibits a minimum as a
function of G+/G− which becomes sharper with increas-
ing cooperativity C. For large C, the minimum variance
is well below 1/2 the zero-point value, i.e. the 3 dB limit.
This minimum results from the competition of two op-
posing tendencies. On one hand, increasing G+/G− in-
creases the squeezing parameter r and thus the squeezing
associated with the vacuum of β. On the other hand,
increasing G+/G− reduces G, and hence suppresses the
ability of the cavity to cool β. The optimum squeezing
is thus a tradeoff between these tendencies.
Optimal squeezing – Consider a fixed red-laser ampli-
tude (i.e. G−) large enough that the cooperativity C  1.
The value of G+ which maximizes squeezing is then:
G+
G−
∣∣∣
optimal
≈ 1−
√
1 + 2nth
C , i.e. e
−2r ≈ 1
2
√
1 + 2nth
C .
(8)
The corresponding minimum value of
〈
Xˆ21
〉
is
2
〈
Xˆ21
〉
≈ ΓM
κ
(1 + 2nth) +
√
1 + 2nth
C , (9)
cf. Fig. 2(a). We see that even for moderate values
of C and non-zero nth, quantum squeezing beyond 3 dB
is achieved, cf. Fig. 2(a). As C is increased further, the
amount of squeezing saturates to a level set by the ratio
of the mechanical heating rate to κ. Note that if one at-
tempts to describe the effect of the cavity on the mechan-
ical resonator via an effective Lindblad master equation,
one misses this saturation, cf. Fig. 2(a) (see appendix IV).
An analogous Lindblad approach was recently analyzed
in the context of spin squeezing in Ref. [30].
State purity – It follows from Eqs. (7) - (9) that the
maximal squeezing of our scheme (at fixed cooperativity
C) corresponds to 〈βˆ†βˆ〉 > 0. The steady state is thus
a squeezed thermal state. To quantify the purity of this
state, we define an effective thermal occupancy from the
4cooperativity
below ZPT
squeezing
1  100  1x104  1x106  
0
10
20
qu
ad
ra
tu
re
 sq
ue
ez
ing
Figure 3: Squeezing versus C for optimized driving strengths,
using realistic experimental parameters [40], and the full the-
ory. Yellow and white dashed lines show the theory including
effects due to a nonzero sideband parameter (i.e. no rotating-
wave approximation, in contrast to Fig. 2(a)). The black,
dashed line shows the expectation for κ/Ω = 0. Thus, squeez-
ing beyond 3 dB is expected for state-of-the-art experiments.
[Parameters: Yellow lines: ΓM/κ = 10−4, κ/Ω = 1/50.
White dashed lines: ΓM/κ = 10−5, κ/Ω = 1/5].
determinant of the mechanical covariance matrix, i.e.
(1 + 2neff)
2
= 4
〈
Xˆ21
〉〈
Xˆ22
〉
− 4
〈
{Xˆ1, Xˆ2}
〉2
. (10)
The mechanical state is a pure squeezed vacuum state if
neff = 0, while the mixedness of the state increases with
neff . As shown in Fig. 2(b), for moderately-strong C,
one can both achieve squeezing beyond 3 dB and a low-
entropy state, with neff ∼
(√
2− 1) /2 ≈ 0.2 (indepen-
dent of all parameters, see appendix II). This again is in
marked contrast to coherent parametric driving, where
the maximal squeezing of 3 dB is associated with a di-
verging neff . This is also in contrast to the squeezing
generated by a BAE measurement and feedback, where
strong squeezing is also associated with neff  1 (cf. [16]
and appendix III).
As we increase C further, we enter the strong coupling
regime where G & κ,ΓM and the cavity and the Bo-
goliubov mode hybridize. The squeezing saturates in
this regime (cf. Eq. (9)), whereas neff increases with-
out bound. For optimized couplings we find n2eff ∼
(ΓM/2κ)
√
(1 + 2nth)C in the large C limit. Thus, while
one can get enhanced squeezing in the strong coupling
regime, it comes at the price of strongly reducing the pu-
rity of the squeezed state. It is also worth emphasizing
that, as shown in Fig. 2(b), the Lindblad master equa-
tion approximation fails to describe accurately both the
quadrature squeezing and neff at strong coupling; this is
not surprising as the Lindblad approach cannot describe
the hybdridization physics important in this regime, cf.
appendix IV.
Squeezing detection– Squeezing of X1 can be detected
by making a single-quadrature back-action evading mea-
surement. One generates the squeezed state as described
above by having G+ < G−. To then measure the squeez-
ing, one simply increases G+ so that G+ = G−, thus
allowing a QND measurement of X1 [14, 16, 36]. The
measurement must be fast compared to the rate at which
the mechanical dissipation re-thermalizes X1, leading to
the condition C & 2nth + 1 [16].
A simpler method for verifying squeezing is to keep
G+ < G− and use the cavity output spectrum to extract
the occupancy of the βˆ mode: photons in the output are
a measure of how “hot” this mode is. This is analogous
to how mechanical temperature is obtained in sideband
cooling setups [38, 39]. The output spectrum is given by
S [ω] =
ˆ
dt eiωt
〈
δaˆ†out (t) δaˆout(0)
〉
. (11)
Here, δaˆout = aˆout − 〈aˆout〉, and aˆout + aˆin =
√
κaˆ [37],
where we have assumed an ideal, single-sided cavity. We
find in the good cavity limit (cf. appendix V):
ˆ
dω S[ω] = 8piκ
G2
4G2 + κ (κ+ ΓM )
〈
βˆ†βˆ
〉
. (12)
Thus, knowing the red and blue driving strength G± as
well as the cavity decay rate κ  ΓM is sufficient to
measure
〈
βˆ†βˆ
〉
. The knowledge of
〈
βˆ†βˆ
〉
is enough to
find a rigorous upper bound of the squeezing, since〈
Xˆ21
〉
≤ e−2r
[
1 + 2
〈
βˆ†βˆ
〉]
, (13)
(see appendix V). For large C, this upper bound coincides
with the actual value of 〈Xˆ21 〉 (up to corrections ∼ 1/
√C).
Effects of counter-rotating terms – We now turn to the
effects of the counter-rotating terms in Eq. (3) which can
play a role when one deviates from the extreme good
cavity limit κ  Ω. These additional terms cause the
cavity to non-resonantly heat the Bogoliubov mode βˆ;
as a result, the coupling-optimized quadrature squeezing
becomes a non-monotonic function of the cooperativity
C. This is shown in Fig. 3, where we have solved the full
quantum Langevin equations, and taken parameters from
a recent experiment in microwave cavity optomechanics
[40]. Steady-state squeezing beyond 3 dB still exists even
for only moderately resolved sidebands (Ω/κ ∼ 5). To
estimate the onset of the non-resonant heating, we can
calculate the leading O
[
(κ/Ω)
2
]
correction to
〈
Xˆ21
〉
. In-
sisting it to be much smaller than the smallest variance
possible in the extreme good cavity limit (and taking
C  1) leads to the condition on the cooperativity
C3/2  √1 + 2nth κ
ΓM
(
Ω
κ
)2
. (14)
This condition also ensures that the previous results for
the optimized coupling strengths remain valid. Further
discussion of bad-cavity effects (as well as parameters rel-
evant to recent optical-frequency optomechanics experi-
ments) are presented in the appendix VI.
5Conclusion – We have shown that large steady-state
squeezing of a mechanical resonator can be achieved
by driving an optomechanical cavity at both the red
and blue mechanical sideband, with different amplitudes.
For realistic parameters, steady-state quantum squeezing
well beyond the 3 dB limit can be generated. By adding a
final state transfer pulse, our scheme could also be used
to generate strong optical squeezing. It is also general
enough to be realized in other implementations of para-
metrically coupled bosonic modes (e.g. superconducting
circuits).
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Note added: A very recent preprint by Didier,
Qassemi, and Blais [41] analyzes an alternative dissipa-
tive squeezing mechanism.
I. APPENDIX: SEMICLASSICAL PICTURE OF
SQUEEZING GENERATION
As described in the main text, one can obtain a semi-
classical understanding of the squeezing generation of our
scheme by formally eliminating the cavity from the dy-
namics; we provide more details on this approach here.
In addition to the mechanical resonator quadratures Xˆ1
and Xˆ2, we introduce the cavity quadratures by
Uˆ1 =
(
dˆ† + dˆ
)
/
√
2 and Uˆ2 = i
(
dˆ† − dˆ
)
/
√
2. (15)
Using the Hamiltonian (3), the Heisenberg-Langevin
equations take the form:
˙ˆ
X1 = − (G− −G+) Uˆ2 − ΓM
2
Xˆ1 +
√
ΓM Xˆ1,in
˙ˆ
U2 = (G− +G+) Xˆ1 − κ
2
Uˆ2 +
√
κUˆ2,in (16)
and
˙ˆ
U1 = − (G− −G+) Xˆ2 − κ
2
Uˆ1 +
√
κUˆ1,in
˙ˆ
X2 = (G− +G+) Uˆ1 − ΓM
2
Xˆ2 +
√
ΓM Xˆ2,in (17)
where we have also introduced quadratures of the in-
put noise operators dˆin and bˆin. Note that these are
two decoupled sets of equations. They immediately let
us understand the backaction-evading limit G+ = G−
[14, 16]: the cavity Uˆ2 quadrature measures the me-
chanical resonator’s quadrature Xˆ1 without disturbing its
time-evolution. The generation of steady-state squeez-
ing, however, requires that G+ be slightly smaller than
G−. In this case, the cavity Uˆ2 quadrature still mea-
sures Xˆ1. However, the cavity Uˆ2 quadrature also acts
as a force on Xˆ1; we can view this as a weak, coherent
feedback force [22] [cf. first line of Eq. (16)]. As we now
show, this effective feedback directly leads to steady-state
squeezing.
It is convenient to work in the Fourier domain, where
f [ω] =
1√
2pi
ˆ
dt eiωtf(t) . (18)
Eliminating the cavity quadratures from the mechanical
equations of motion, we find[
−iω + ΓM
2
+ iΣ [ω]
]
Xˆ1 [ω] = −
√
κ
iΣ[ω]
G− +G+
Uˆ2,in [ω]
+
√
ΓM Xˆ1,in [ω] (19)
and[
−iω + ΓM
2
+ iΣ [ω]
]
Xˆ2 [ω] =
√
κ
iΣ[ω]
G− −G+ Uˆ1,in [ω]
+
√
ΓM Xˆ2,in [ω] . (20)
where the self energy Σ [ω] = −i (G2− −G2+) / (κ/2− iω)
is the same for both quadratures. The imaginary part of
Σ describes damping of the mechanical quadratures by
the cavity. These equations also imply that the correla-
tions
〈
Xˆ1Xˆ2 + Xˆ2Xˆ1
〉
are zero.
The cavity also introduces new noise terms driving
each mechanical quadrature. We can parameterize them
by an effective temperature in the standard way, by con-
sidering their magnitude compared to the corresponding
cavity-induced damping:
1 + 2neff,X1 [ω] ≡
κ|Σ[ω]/(G− +G+)|2
−2 ImΣ[ω] , (21)
1 + 2neff,X2 [ω] ≡
κ|Σ[ω]/(G− −G+)|2
−2 ImΣ[ω] . (22)
Taking the low frequency limit, we have:
1 + 2neff,X1 [0] =
G− −G+
G− +G+
,
1 + 2neff,X2 [0] =
G− +G+
G− −G+ . (23)
Thus, while the cavity damps both mechanical quadra-
tures the same way, the noise added to the Xˆ1 quadra-
ture is much smaller than the noise added to the Xˆ2
quadrature (this is different from coherent parametric
driving, where the squeezed Xˆ1 quadrature experiences
extra damping whereas Xˆ2 experiences extra negative
damping). Moreover, the magnitude of the noise added
to the Xˆ1 quadrature is smaller than the the zero-
point noise one would associate with the optical damp-
ing Γopt ≡ −2ImΣ[0], i.e. neff,X1 [0] < 0. We thus see
that the cavity effectively acts as a squeezed reservoir,
i.e. a reservoir whose force noise is quadrature squeezed.
If this cavity-induced dissipation dominates the intrinsic
6mechanical dissipation, this directly yields squeezing of
the mechanical resonator.
Finally, it is interesting to note that for a fixed C  1,
the optimal ratio of G+/G− given in Eq. (8) of the main
text can be given a simple interpretation in terms of the
effective optical damping Γopt = 4G2/κ introduced above
(with G2 = G2− − G2+). Using the result of Eq. (8) we
have:
Γopt
∣∣∣
optimal
' ΓM (1 + 2nth)
√
4C
1 + 2nth
' ΓM (1 + 2nth)e2r . (24)
One can easily confirm that this is exactly the rate at
which the β mode is heated by the mechanical bath (in
the large-r limit). We thus see that the optimal coupling
condition represents a simple impedance matching: the
rate at which the engineered reservoir (the cavity) ex-
tracts quanta from the β mode should match the rate at
which it is “heated” by the intrinsic mechanical dissipa-
tion.
II. APPENDIX: SQUEEZED STATE PURITY
In general, the effective thermal occupancy neff (quan-
tifying the purity of the mechanical state) is defined by
4
〈
Xˆ21
〉〈
Xˆ22
〉
= (1 + 2neff)
2
, (25)
cf. Eq. (10), since
〈
Xˆ1Xˆ2 + Xˆ2Xˆ1
〉
= 0. The two vari-
ances in terms of the Bogoliubov mode βˆ read
2
〈
Xˆ21
〉
= e−2r
(
1 + 2
〈
βˆ†βˆ
〉
+
〈
βˆβˆ
〉
+
〈
βˆ†βˆ†
〉)
2
〈
Xˆ22
〉
= e2r
(
1 + 2
〈
βˆ†βˆ
〉
−
〈
βˆβˆ
〉
−
〈
βˆ†βˆ†
〉)
. (26)
As discussed in the main text, optimal squeezing involves
a tradeoff between maximizing the squeeze parameter r
(which requires large G+/G−) and maximizing the effec-
tive coupling G to the Bogoliubov mode (which requires
small G+/G−). The maximum squeezing at fixed C thus
corresponds to β not being in its vacuum state. Eqs. (25)
and (26) thus imply that neff 6= 0, cf. Fig. (2). The opti-
mally squeezed state is thus in general a thermal squeezed
state.
As is also discussed in the main text, there is a general
regime where one has large optimized squeezing while at
the same time having an almost pure state. This occurs
for the “moderately-strong coupling” regime where C 
1 while at the same time G < κ (no strong coupling
hybridization of βˆ and the cavity). The latter condition
is satisfied for optimized couplings as long as C is small
enough to satisfy:
C ≤ 1
16
(
κ
ΓM
)2
1
2nth + 1
. (27)
In this regime, one can achieve optimized steady-state
squeezing well beyond 3 dB and a low entropy: neff ∼(√
2− 1) /2 ≈ 0.2. (cf. Fig. 2).
To see this, we now focus on the limit of large cooper-
ativities C = 4G2−/ (κΓM ) while keeping away from the
strong coupling regime. Formally, one can perform this
limit by sending ΓM → 0 (in contrast to the previous dis-
cussions) while keeping all other parameters fixed. Then,
for G < κ and for large C we find
(1 + 2neff)
2 ≈ 2
(
1 +
4G2− (1 + 2nth) + κ
2nth
κ2
√
1 + 2nth
1√
C
)
→ 2
(28)
or neff ≈
(√
2− 1) /2. Thus, independent of the choice of
parameters, one always finds that the effective thermal
occupancy neff ∼
(√
2− 1) /2 in the moderately-strong
coupling limit (i.e. C  1 while G < κ). Note that in
this regime, the the Bogoliubov mode β is characterized
by
〈
βˆ†βˆ
〉
,
〈
βˆβˆ
〉
→ 1/4. This follows from the fact that〈
βˆβˆ
〉
→
〈
βˆ†βˆ
〉
as C → ∞ and Eqs. (25)-(28).
III. APPENDIX: COMPARISON AGAINST
MEASUREMENT-BASED SCHEMES
A. Comparison against measurement-based
feedback squeezing
As discussed in the main text, the ability of our
scheme to generate large amounts of stationary quan-
tum squeezing with low entropy indicates that it out-
performs what is possible with a simple coherent para-
metric driving (i.e. spring constant modulation). Here,
we also suggest that it has significant advantages com-
pared to schemes for squeezing based on a backaction-
evading (BAE) single-quadrature measurement plus feed-
back [16]. As our scheme can be viewed as a kind of
coherent feedback operation, this apparent advantage
is reminiscent of claims made in Ref. [22]. That work
also provides specific examples where coherent feedback
control schemes can outperform Gaussian measurement-
based schemes
For simplicity, we focus on the regime of large cooper-
atives C = 4G2−/ (κΓM ) where large squeezing is possible
both in our scheme and the BAE measurement scheme.
Since the latter scheme was only analyzed in the limit
of no strong coupling effects, we consider the same limit
here: we keep G+, G−  κ while having C → ∞ by tak-
ing ΓM → 0 . If we simply focus on the maximum possi-
ble squeezing achievable at a fixed cooperativity, there is
no fundamental advantage of our dissipative scheme over
the BAE scheme, as both predict a scaling:
2
〈
Xˆ21
〉
≈
√
1 + 2nth
C . (29)
Of course in practice, achieving this value using BAE
7measurement and feedback could be very challenging, as
it requires near-ideal measurements and feedback.
However, the advantage of our coherent feedback
scheme (even on an ideal, fundamental level) becomes
apparent when studying the purity of the generated
squeezed state. As already discussed, if we stay out of the
strong coupling regime, the mechanical squeezed state
is almost in a pure state, with the effective number of
thermal quanta neff tending to ∼ 0.2 for large C as per
Eq. (28). In contrast, the BAE measurement plus feed-
back scheme yields
(1 + 2neff)
2
=
√
1 + 2nth
√
C → ∞ (30)
in the same limit. Thus, our scheme (an example of co-
herent feedback) yields a far more pure state than the
measurement-plus-feedback approach. This represents
a significant advantage over the measurement-based ap-
proach.
We note that one could improve the state purity
achieved in the BAE measurement scheme by measuring
both quadratures of the cavity output (instead of measur-
ing only the quadrature that contains information on the
coupled mechanical quadrature Xˆ1). One would thus also
learn something about the backaction noise driving the
unmeasured quadrature Xˆ2. This would reduce the con-
ditional variance, and thus improve the state purity. The
analogous situation involving the dispersive measurement
of a qubit is well studied, see e.g. [42].
B. Comparison against stroboscopic measurements
An alternative way of generating mechanical resonator
squeezing is to perform a stroboscopic QND position
measurement as suggested in Ref. [15]. In this scheme,
the measurement rate is modulated in time periodically.
The back-action evading scheme is basically a strobo-
scopic scheme with a particular choice for how the mea-
surement rate is modulated (i.e. sinusoidally). Instead
of the cooperativity, the crucial parameter determining
the amount of squeezing generated is now given by the
measurement rate. Based on the analysis of Ref. [15],
the scaling of squeezing and state purity of the strobo-
scopic measurement scheme is essentially the same as in
the back-action evading scheme.
C. Comparison against pulsed optomechanics
schemes
Let us now compare our dissipative scheme to a pulsed
optomechanical scheme, where large-amplitude pulses of
light driving an optomechanical cavity are used to real-
ize effective strong position measurements, which, hence,
can generate squeezing [20]. We note that this scheme
requires κ  Ω. Since this scheme effectively realizes a
strong position measurement, the amount of squeezing
scales with the parameter (κ/G)2, where G = g0
√
NP ,
and NP is the mean number of photons per light pulse.
This is in marked contrast to our dissipative scheme,
where the cooperativity C determines the amount of
squeezing. In addition, the pulsed scheme does not gen-
erate truly stationary squeezing, which is again in sharp
contrast to our dissipative scheme. Finally, we note
that using the pulsed scheme, it is currently challenging
to get squeezing from this scheme experimentally [43].
However, our scheme should generate large amounts of
squeezing even for state-of-the-art experiments, cf. Fig.
3 of our manuscript.
IV. APPENDIX: EFFECTIVE LINDBLAD
MASTER EQUATION
In this section we derive an effective Lindblad master
equation which describes the effects of the cavity (the en-
gineered reservoir) on the mechanical resonator. Such an
approach is common in studies of reservoir engineering;
in contrast, the approach we use in the main text goes
beyond this approximation. We start by considering the
Hamiltonian (6)
Hˆ = −~Gdˆ†βˆ + h.c. , (31)
where G2 = G2− − G2+, βˆ = bˆ cosh r + bˆ† sinh r, cosh r =
G−/G and sinh r = G+/G. Taking the limit of a large
cavity damping rate κ, one can use standard techniques
[44] to eliminate the cavity and derive a Lindblad-form
master equation for the reduced density matrix of the
mechanical resonator ρˆ. This takes the form:
˙ˆρ = ΓM (nth + 1)D[bˆ]ρˆ+ ΓMnthD
[
bˆ†
]
ρˆ+ ΓoptD
[
βˆ
]
ρˆ ,
(32)
where D
[
Aˆ
]
= AˆρˆAˆ† − Aˆ†Aˆρˆ/2 − ρˆAˆ†Aˆ/2. Expressing
the Bogoliubov mode in terms of the original operators
bˆ and bˆ† yields:
˙ˆρ =
[
ΓM (nth + 1) + Γopt cosh
2 r
]D[bˆ]ρˆ
+
[
ΓMnth + Γopt sinh
2 r
]D [bˆ†] ρˆ
+ Γopt cosh r sinh rDS
[
bˆ
]
ρˆ
+ Γopt cosh r sinh rDS
[
bˆ†
]
ρˆ (33)
where Γopt = 4G2/κ and DS
[
bˆ
]
ρˆ = bˆρˆbˆ− bˆbˆρˆ/2− ρˆbˆbˆ/2.
The last two terms on the RHS of this equation do not
conserve the number of mechanical quanta, and are di-
rectly responsible for the generation of squeezing. This
Lindblad master equation is similar to the one discussed
in the context of dissipative preparation of spin squeezed
atomic ensembles [30].
Using Eq. (33), we can again calculate the optimal
value of G+ which maximizes the squeezing (with other
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Figure 4: Cavity output spectra. (a) Cavity output spec-
trum for weak coupling. The spectrum at ω − ωcav as well
as the area of the spectrum is directly proportional to the
occupancy
〈
βˆ†βˆ
〉
. (b) If we increase the cooperativity, we
observe a normal mode splitting. This is a signature of the
“strong coupling regime”, where the Bogoliubov mode and the
photons hybridize. [Parameters: (a) ΓM/κ = 10−4, nth = 10
and C = 104. (b) Same as (a) but C = 106].
parameters and G− held fixed). We find that this ap-
proach leads to the same expression which we have al-
ready found using the full theory, Eq. (8) in the main
text. For this optimized coupling and in the limit of
large cooperativity C, the Lindblad approach predicts
2
〈
Xˆ21
〉
≈
√
1 + 2nth
C . (34)
Comparing against Eq. (9) in the main text, we see that
the Lindblad approach misses the saturation of squeezing
to ΓM (1 + 2nth) /κ in the large C limit. The approxima-
tions used to derive the Lindblad master equation tacitly
assume κ→∞, and thus neglect the finite rate at which
the cavity is able to expel energy extracted from the me-
chanical resonator.
When focussing on the purity of the squeezed state, we
find that the Lindblad master equation predicts
(1 + 2neff)
2 ≈ 2 + 2nth√
2nth + 1
1√
C
. (35)
This is in strong contrast to the prediction (1 + 2neff)
2 ∼√C of the full theory. This is, because the Lindblad mas-
ter equation cannot capture strong coupling effects.
V. APPENDIX: CAVITY OUTPUT SPECTRA
AND SQUEEZING DETECTION
Let us consider the cavity output spectrum
S [ω] =
ˆ
dt eiωt
〈
δaˆ†out (t) δaˆout(0)
〉
, (36)
where δaˆout = aˆout − 〈aˆout〉 and aˆout + aˆin =
√
κaˆ for an
ideal, single-sided cavity [37]. We find that
S [ω − ωcav] =
16κΓM
[
G2+ (nth + 1) +G
2
−nth
]
|N [ω]|2 , (37)
where
N [ω] = 4G2 + (ΓM − 2iω) (κ− 2iω) . (38)
As shown in Fig. 4, the coupling to the β mode gives
rise to weight in the output spectrum near the cavity
resonance frequency. For weak coupling (G < κ) , one has
a simple Lorentzian peak, whereas for a strong coupling
(G > κ) a double-peak structure emerges. The condition
for this strong coupling to occur was given in Eq. (27).
As discussed in the main text (cf. Eq. (12)), one can
detect the squeezing of the mechanical resonator by first
measuring 〈βˆ†βˆ〉 from the integrated output spectrum,
and then using this to bound the variance of the Xˆ1
quadrature. The general expression for the Xˆ1 variance
in terms of the Bogoliubov mode βˆ is given in Eq. (26).
Since in general ∣∣∣〈βˆβˆ〉∣∣∣ ≤ 〈βˆ†βˆ〉+ 1
2
(39)
(which can be shown by using the Cauchy-Schwarz in-
equality), one finds a general upper bound for the squeez-
ing
2
〈
Xˆ21
〉
≤ 2e−2r
[
1 + 2
〈
βˆ†βˆ
〉]
. (40)
In the limit of large cooperativity, and, hence, large r,
one can also find a lower bound by making use of the
theoretical predictions [for κ/Ω = 0]. For any value of
the squeezing parameter r we find that
〈
βˆβˆ
〉
∼
〈
βˆ†βˆ
〉
.
In the limit of large cooperativities [and, hence, large r],〈
βˆβˆ
〉
≈
[
1 +
(
4
nth + 1
2nth + 1
− 2
)
e−2r
]〈
βˆ†βˆ
〉
. (41)
Thus,
2
〈
Xˆ21
〉
≈ e−2r
[
1 + 4ζ
〈
βˆ†βˆ
〉]
(42)
where
ζ = 1 +
(
2
1 + nth
1 + 2nth
− 1
)
e−2r ≥ 1 . (43)
Using this estimate, we finally find the lower bound
2
〈
Xˆ21
〉
≥ e−2r
(
1 + 4
〈
βˆ†βˆ
〉)
. (44)
VI. APPENDIX: EFFECTS OF FINITE
SIDEBAND PARAMETERS
In order to consider effects due to finite sideband pa-
rameters, we perturbatively solve the quantum Langevin
equations for the cavity and mechanical resonator oper-
ators by using the full, time-dependent Hamiltonian (3),
keeping the leading corrections in κ/Ω. We also compare
against a full numerical solution of the equations.
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Figure 5: (a) Quadrature variance
〈
Xˆ21
〉
as a function of the
blue driving strength G+/G− including finite sideband pa-
rameter effects. The black curve shows the analytical result
whereas the circles represent findings due to a numerical sim-
ulation of the full Hamiltonian (3). (b) Zoom of (a). We
see that the mechanical resonator can be squeezed beyond
the 3 dB limit. [Parameters: ΓM/κ = 10−4, κ/Ω = 1/50 ,
nth = 100 and C = 5 · 106 ].
In Fig. 5 the quadrature variance
〈
Xˆ21
〉
is shown as
a function of the blue laser driving strength G+/G− in-
cluding bad cavity effects. The black curve depicts our
analytical perturbative expression (which is too lengthy
to be reported here), whereas the orange circles show the
result of a numerical simulation of (3). Note that
〈
Xˆ21
〉
is strongly non-monotonic. We find that a unique opti-
mum of the driving strength G+/G− maximizing steady-
state squeezing still exists (cf. Fig. 5(b)). A plot showing
the maximized squeezing as a function of the cooperativ-
ity C for fixed sideband parameter κ/Ω and decay rates
ΓM/κ is shown in Fig. 3, where parameters of a state-of-
the-art experiment [40] have been assumed. Fig. 6 also
shows maximized squeezing as a function of C for exper-
imental parameters of state-of-the-art photonic crystal
experiments [45].
Let us now discuss the influence of the counter-rotating
terms in more detail. For small cooperativities the effect
of the counter-rotating terms is small. As we increase the
cooperativity, the squeezing parameter r also increases
(cf. Eq. (8) for the case κ/Ω = 0), such that the counter-
rotating terms become more and more important. Since
r ≈ ln [4C/ (1 + 2nth)] /4 for κ/Ω = 0 and large C, we
find that the smaller nth, the earlier these corrections
become important. When increasing the cooperativity
further, maximum squeezing is assumed first after which
squeezing gets lost again.
VII. APPENDIX: AVOIDING THE
PARAMETRIC INSTABILITY
It turns out that due to the two-tone driving, the ra-
diation pressure force F ∝ ∣∣a¯+e−iω+t + a¯−e−iω−t∣∣2 os-
cillates at twice the mechanical frequency, since ω± =
ωcav ± Ω. In an experiment, these oscillations can yield
cooperativity
below ZPT
squeezing
1  100  1x104  1x106
0
10
20
qu
ad
ra
tu
re
 sq
ue
ez
ing
Figure 6: Squeezing as a function of the cooperativity for
optimized driving strengths where realistic experimental pa-
rameters are assumed [45]. The yellow line and the white
dashed lines show the theory including effects due to a finite
sideband parameter. The black, dashed line shows the expec-
tation for κ/Ω = 0. Thus, squeezing beyond 3 dB is expected
for state-of-the-art experiments. [Parameters: ΓM/κ = 10−4,
κ/Ω = 1/10].
parametric instabilities, if the mechanical resonator fre-
quency Ω is strongly temperature dependent [35]. To
suppress this instability, one can add a third driving tone
to cancel the oscillations of the radiation pressure force
at 2Ω [36]. In the following, we show that the influence of
this third driving tone on the generation of steady-state
squeezing is small for typical experimental parameters.
The third driving tone can be included in our theory
by adding the driving term
Hˆdrive,add = ~α3
(
e−iω3t+iϕaˆ† + h.c.
)
(45)
to the Hamiltonian (1). One then finds that the radiation
pressure force reads
F ∝ ∣∣a¯+e−iω+t + a¯−e−iω−t + a¯3e−iω3t+iϕ∣∣2 . (46)
When choosing ω3 = ωcav − 3Ω [36] we find that the
component of F oscillating at 2Ω vanishes if ϕ = pi and
a¯3 = a¯+. Linearizing the resulting Hamiltonian again
and going into an interaction picture with respect to the
free cavity and mechanical resonator Hamiltonian, we
find that the third drive tone gives rise to an additional
term
Hˆnew = ~G3e3iΩt
[
bˆe−iΩt + bˆ†eiΩt
]
dˆ† + h.c. (47)
to the linearized Hamiltonian (3), where G3 = g0a¯3 =
G+.
The impact of this additional counter rotating term on
the generation of steady-state squeezing is shown in Fig.
7. In this figure, the quadrature variance
〈
Xˆ21
〉
is shown
as a function of the blue laser driving strength G+/G−
including all counter rotating terms. For a medium co-
operativity, the influence of the third tone is negligible.
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Figure 7: Quadrature variance
〈
Xˆ21
〉
as a function of the blue
driving strength G+/G− including finite sideband parameter
effects and effects of a third tone, cf. Eq. (47). The black
curve
〈
Xˆ21
〉
including effects of finite sideband parameters
but ignores the third tone, i.e. G3 = 0. The circles repre-
sent results of a numerical simulation of the full Hamiltonian
including finite sideband effects and effects due to the third
tone. [Parameters: ΓM/κ = 10−4, κ/Ω = 1/50, nth = 50 and
C = 103 [upper curve] and C = 104 [lower curve], respectively].
For a larger cooperativity, deviations become visible as
G+ → G−. However, the minimum value of
〈
Xˆ21
〉
is
changed little and lies still well beyond 3 dB.
Let us now briefly discuss why the deviations become
apparent as we increase the cooperativity and as we ap-
proach G+ → G−. An increase of the cooperativity C
leads to an increase of the squeezing parameter r, such
that the influence of counter rotating terms becomes
larger, cf. the discussion in the previous section. Thus,
the influence of the additional, counter rotating terms
(47) increases with increasing C. Additionally, to cancel
the unwanted frequency component 2Ω of the radiation
pressure force, we have to choose G3 = G+. Thus, as we
increase G+, the magnitude of the additional Hamilto-
nian (47) also increases, leading to a larger perturbation
of the steady-state quadrature variance.
Thus, to conclude, we can avoid the parametric insta-
bility by adding a third driving tone while still generating
squeezing well beyond 3 dB.
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